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Wigner-Yanase skew information [4]
$I_{\rho}(H)= \frac{1}{2}Tr[(i[\rho^{1/2}, H])^{2}]=Tr[\rho H^{2}]-Tr[\rho^{1/2}H\rho^{1/2}H]$
$\rho$
$H$ de-
gree $[X, Y]=XY-YX$ commutator
Dyson Wigner-Yanase-Dyson skew
information
$I_{\rho,\alpha}(H)= \frac{1}{2}Tr[(i[\rho^{\alpha}, H])(i[\rho^{1-\alpha}, H])]=Tr[\rho H^{2}]-Tr[\rho^{\alpha}H\rho^{1-\alpha}H],$ $\alpha\in[0,1].$
$H$
$\mathbb{C}^{n}$ [5]
skew information uncertainty relation
[6] Luo [2] 2 Wigner-Yanase-Dyson
skew information 3 2
4
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2 Wigner-Yanase-Dyson skew information
Wigner-Yanase skew information uncertainty relation
system $\rho$ $H$
$Tr[\rho H]$
$V_{\rho}(H)=Tr[\rho(H-Tr[\rho H]I)^{2}]=Tr[\rho H^{2}]-Tr[\rho H]^{2}.$
$p$ 2 $A,$ $B$
$V_{\rho}(A)V_{\rho}(B) \geq\frac{1}{4}|Tr[\rho[A, B]]|^{2}$ (1)






S.Luo [2] $U_{\rho}(H)$ uncertainty relation
$U_{\rho}(A)U_{\rho}(B) \geq\frac{1}{4}|Tr[\rho[A, B]]|^{2}$ . (3)
$0\leq I_{\rho}(H)\leq U_{\rho}(H)\leq V_{\rho}(H)$ (4)
(3) (4) (1) (3)
one-parameter
Definition 2. $10\leq\alpha\leq 1$ $\rho$ - $H$ Wigner- Yanase-
Dyson skew information
$I_{\rho,\alpha}(H)= \frac{1}{2}Tr[(i[\rho^{\alpha}, H_{0}])(i[\rho^{1-\alpha}, H_{0}])]=Tr[\rho H_{0}^{2}]-Tr[\rho^{\alpha}H_{0}\rho^{1-\alpha}H_{0}]$
$J_{\rho,\alpha}(H)= \frac{1}{2}Tr[\{\rho^{\alpha}, H_{0}\}\{\rho^{1-\alpha}, H_{0}\}]=Tr[\rho H_{0}^{2}]+Tr[\rho^{\alpha}H_{0}\rho^{1-\alpha}H_{0}],$
$H_{0}=H-Tr[\rho H]I$ $\{X, Y\}=XY+YX$ anti-commutator
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$0\leq I_{\rho,\alpha}(H)\leq U_{\rho,\alpha}(H)\leq U_{\rho}(H)$ .
(3)
Theorem 2.1 ([6]) $\rho$ $A,$ $B$ $0\leq\alpha\leq 1$
$U_{\rho,\alpha}(A)U_{\rho,\alpha}(B)\geq\alpha(1-\alpha)|Tr[\rho[A, B]]|^{2}$ . (6)
Remark 2.1 (6) $\alpha=1/2$ (3)
Theorem 2.1 $Luo[2J$
3 ( 1)
Definition 3.1 $\alpha,$ $\beta\geq 0$ $\rho$ $H$ Wigner-
Yanase-Dyson skew information






Theorem 3.1 $\rho$ invertible $\alpha,$ $\beta\geq 0$ $\alpha+\beta\geq 1$ $\alpha+\beta\leq\frac{1}{2}$
$U_{\rho,\alpha,\beta}(A)U_{\rho,\alpha,\beta}(B)\geq\alpha\beta|Tr[\rho[A, B]]|^{2}$ . (7)
Definition 3.2 $\alpha,$ $\beta\geq 0$ $\rho$ $H$ gner-




Theorem 3.2 $\rho$ invertible $\alpha,$ $\beta\geq 0$
$\tilde{U}_{\rho,\alpha,\beta}(A)\tilde{U}_{\rho,\alpha,\beta}(B)\geq\frac{\alpha\beta}{(\alpha+\beta)^{2}}|Tr[\rho^{\alpha+\beta}[A, B]]|^{2}$ . (8)
Remark 3.1 (7) (8) $\alpha+\beta=1$ (6)
Theorem 3.1 Theorem 3.2 Theorem 2.1
$Luo[2J$
4 ( 2)
Definition4.1 $f(x),$ $g(x)$ [0,1]. $f(x),$ $g(x)$
2
(1) $x,$ $y\in[0,1]$ $(f(x)-f(y))(g(x)-g(y))\geq 0$
(2) $f(x),$ $g(x)$ $(0,1)$ $F(x)=\log f(x),$ $G(x)=\log g(x)$
$0 \leq\inf_{0<x<1}\frac{G’(x)}{F(x)}\leq\sup_{0<x<1}\frac{G’(x)}{F(x)}<\infty$
133
$(f,g)$ compatible in log-increase, monotone pair 1 $CLI$
monotone pair)
Definition4.2 $f(x),$ $g(x)$ [0,1]. $f(x),$ $g(x)$
2
(1) $x,$ $y\in[0,1]$ $(f(x)-f(y))(g(x)-g(y))\leq 0$
(2) $f(x),$ $g(x)$ $(0,1)$ $F(x)=\log f(x),$ $G(x)=\log g(x)$
$0 \leq\inf_{0<x<1}\frac{G’(x)}{F’(x)}\leq\sup_{0<x<1}\frac{G’(x)}{F’(x)}<\infty$
$(f, g)$ compatible in $log$-increase, anti-monotone pair $\sigma$
$CLI$ anti-monotone pair)
Definition 4. $3$ $\alpha,$ $\beta\geq 0$ $\rho$ $H$ skew
information $I_{\rho,(f,g,h)}(H)$ $\rho$ ,(f,g,h) $(H)$ $U_{\rho,(f,g,h)}(H)$
$I_{\rho,(f,g,h)}(H) = \frac{1}{2}\prime b[(\iota[f(\rho), H_{0}])(\iota[g(\rho), H_{0}])h(\rho)]$
$=$ $\frac{1}{2}\{$Tr$[f(\rho)g(\rho)g(\rho)H_{0}^{2}]+$ Tr $[f(\rho)g(\rho)H_{0}h(\rho)H_{0}]$
$-R[f(\rho)H_{0}g(\rho)h(\rho)H_{0}]-Tr[f(\rho)h(\rho)H_{0}g(\rho)H_{0}]\}$
$J_{\rho,(f,g,h)}(H) = \frac{1}{2}n[\{f(\rho), H_{0}\}\{g(\rho), H_{0}\}h(\rho)]$
$=$ $\frac{1}{2}\{$ Th $[f(\rho)g(\rho)g(\rho)H_{0}^{2}]+$ Tr $[f(\rho)g(\rho)H_{0}h(\rho)H_{0}]$
$+Tr[f(\rho)H_{0}g(\rho)h(\rho)H_{0}]+Tr[f(\rho)h(\rho)H_{0}g(\rho)H_{0}]\}$
$U_{\rho,(f,g,h)}(H) = \sqrt{I_{\rho,(f,g,h)}(H)J_{\rho,(f,g,h)}(H)}$






$\beta(f, g, h)$ $=$ $\min\{\begin{array}{l}m m(1+m+n)^{2\prime}(1+m+N)^{2}’\end{array}$
$\frac{M}{(1+M+n)^{2}}, \frac{M}{(1+M+N)^{2}}\}$
2
(I) $(f, g),$ $(f, h)$ CLI monotone pair
$1+ \frac{G(y)-G(x)}{F(y)-F(x)}\leq\frac{H(y)-H(x)}{F(y)-F(x)} (x<y)$ .
(II) $(f, g),$ $(f, h)$ CLI monotone pair CLI anti-monotone pair
$1+ \frac{G(y)-G(x)}{F(y)-F(x)}+\frac{H(y)-H(x)}{F(y)-F(x)}>0 (x<y)$ .
Theorem 4.1 (I) trace inequality
$A,$ $B\in M_{n,sa}(\mathbb{C})$
$U_{\rho,(f,g,h)}(A)U_{\rho,(f,g,h)}(B)\geq\beta(f, g, h)|Tk[f(\rho)g(\rho)h(\rho)[A, B]]|^{2}.$
$h(x)=1$ Ko-Yoo [1]
Corollary 4.1 $(f, g)$ $CLI$ monotone pair $A,$ $B\in M_{n,sa}(\mathbb{C})$
$U_{\rho,(f,g)}(A)U_{\rho,(f,g)}(B)\geq\beta(f, g)|Tr[f(\rho)g(\rho)[A, B]]|^{2}.$
$f(x)=x^{\alpha}(\alpha\geq 0)$ , $g(x)=x^{\beta}(\beta\geq 0)$ , $h(x)=x^{\gamma}(\gamma\geq 0$ $\gamma\leq 0)$
Corollary
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Corollary 4.2 (1), (2)
(1) $\alpha,$ $\beta,$ $\gamma\geq 0$ $0<\alpha+\beta\leq\gamma$
$\beta(f, g, h)=\frac{\alpha\beta}{(\alpha+\beta+\gamma)^{2}}.$
(2) $\alpha,$ $\beta,$ $\geq 0,$ $\gamma\leq 0$ $\alpha+\beta+\gamma>0$
$\beta(f, g, h)=\frac{\alpha\beta}{(\alpha+\beta+\gamma)^{2}}.$
Remark 4.1 $\alpha,$ $\beta\geq 0,$ $\gamma<0$ $\alpha+\beta+\gamma>0$
$\lim_{xarrow+0}h(x)=+\infty$
$h(x)$ $[0,1]$ $\rho$
$\epsilon>0$ $h(x)$ $[\epsilon, 1]$ Theorem 4.1
Corollary 4.2
Remark 4.2 Corolla 4.2 (2) $\gamma=0$ $[8J$ Theorem 2.3
Corolla 4.2 $\alpha+\beta+\gamma=1$ $[7J$ Theorem 2.2
(1) $\alpha,$ $\beta\geq 0,$ $\alpha+\beta\leq\frac{1}{2}$ $\alpha,$ $\beta\geq 0,$ $\alpha+\beta\geq 1$
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